We present all-order results for the highest three large-x logarithms of the splitting functions P qg and P gq and of the coefficient functions C φ,q , C 2,g and C L,g for structure functions in Higgs-and gauge-boson exchange DIS in massless perturbative QCD. The corresponding coefficients have been derived by studying the unfactorized partonic structure functions in dimensional regularization independently in terms of their iterative structure and in terms of the constraints imposed by the functional forms of the real-and virtual-emission contributions together with their Kinoshita-LeeNauenberg cancellations required by the mass-factorization theorem. The numerical resummation corrections are small for the splitting functions, but partly very large for the coefficient functions. The highest two (three for C L,g ) logarithms can be resummed in a closed form in terms of new special functions recently introduced in the context of the resummation of the leading logarithms.
Introduction
The splitting functions governing the scale dependence of the parton densities of hadrons and the coefficient functions for inclusive deep-inelastic scattering (DIS) are benchmark quantities of perturbative QCD [1] . At this point these are the only quantities depending on a dimensionless scaling variable, the parton momentum fraction and the Bjorken variable (both usually denoted by x), for which third-order corrections in the strong coupling constant α s are fully known. The corresponding three-loop calculations started with DIS sum rules [2] [3] [4] and proceeded via a series of low integer moments of the splitting functions and the coefficient functions for the most important structure functions [5] [6] [7] to the corresponding complete calculations of Refs. [8] [9] [10] [11] [12] .
Such higher-order calculations do not only improve the numerical accuracy of the predictions of perturbative QCD but also help to uncover general structures, for example in the soft-gluon limit x → 1. Writing the expansion of the splitting functions in the MS scheme as
the diagonal (quark-quark and gluon-gluon) splitting functions take the form
( 1.2) with the n-loop quark and gluon cusp anomalous dimensions related by A (n) g /A (n) q = C A /C F at n ≤ 3, where C A and C F are the usual SU(N) colour factors with C A = 3 and C F = 4/3 in QCD [13] . It was not known before Ref. [14] , inspired partly by observations made for the three-loop results in Refs. [8, 9] , that the third term in Eq. (1.2) is linear in ln (1−x) at all orders n, and that its coefficients C The terms with ℓ = 0 form the leading-logarithmic (LL) large-x approximation, those with ℓ = 1 the next-to-leading-logarithmic (NLL) approximation etc. Recently an all-order resummation of the former contributions to Eq. (1.3) has been presented [15] . A main purpose of this article is to extend those results to the ℓ = 2 next-to-next-to-leading logarithmic (NNLL) terms.
The dominant (1−x) −1 + large-x contributions to the quark coefficient functions for gauge-boson exchange structure functions in DIS such as F 2 and F 3 (and the gluon coefficient function for Higgs-exchange structure function F φ in the heavy-top limit [16, 17] ) also show a double logarithmic enhancement. These terms are resummed to all orders by the soft-gluon exponentiation [18] [19] [20] [21] [22] [23] [24] [25] which presently fixes the coefficients of the highest six logarithms analytically, and the seventh term for all numerical purposes since the effect to the presently unknown four-loop cusp anomalous dimension can be neglected in this context [25] [26] [27] . A resummation of the highest three (1−x) 0 logarithms has been inferred in Ref. [28] from the properties of the corresponding flavour non-singlet physical evolution kernels. While those subleading contributions to the 'diagonal' O(α 0 s ) coefficient functions are not the main topic of this article, we will be able to verify the DIS part of those results and fix the only missing coefficient for the fourth (N 3 L) logarithms. (1.5)
Also here the ℓ = 0 LL coefficients have been determined at all orders n in Ref. [15] , and also here we will extend those results by deriving the corresponding NLL and NNLL results.
Finally we will also address the coefficient functions C L,q and C L,g for the longitudinal structure function F L . These quantities have a perturbative expansion of the form (1.4), and are given by at large x, i.e., they are suppressed by one power of (1−x) and ln (1−x) with respect to their counterparts for the structure function F 2 . The coefficients D (n,ℓ)
L, q for ℓ = 0, 1, 2 have been obtained already in Ref. [29] , again from physical-kernel considerations. For the gluon coefficient function, however, only the LL coefficients D (n,0) L, g have been determined completely in that article. Below we will verify those results and extend also the resummation of C L,g to the NNLL terms.
The remainder of this article is organized as follows: In Section 2 we derive all-order expressions for the (dimensionally regulated) Mellin-N space transition functions as far as required for the mass-factorization of the structure functions at the level of the dominant and sub-dominant contributions discussed above. The NNLL resummations of the unfactorized partonic stucture functions T a,k are then derived in Section 3 for the cases (1.4), where to NLL accuract we employ two different methods to drive the same results, and in Section 4 for F L . The partly rather lengthy results of these three sections are then combined, and in Sections 5 and 6 we present and discuss the respective resummed expressions for the moments of the off-diagonal splitting functions -which receive rather small resummation corrections at relevant values of N -and the coefficient functions (1.4) and C L,g for which these corrections are (very) large. We summarize our findings in Section 7 where we also present a brief outlook to future extensions and applications of some of the results. Closed expressions have not been found so far for the third logarithms in Eqs. (1.3) and (1.5) . Numerical and symbolic tables of NNLL coefficients to high orders are therefore finally presented in Appendix A for the splitting functions and Appendix B for the coefficient functions.
Large-x / large-N mass factorization to all orders
The main part of our calculations is performed after transformation to Mellin-N space,
where the ubiquitous x-space Mellin convolutions are reduced to simple products. To the accuracy required below, the relations between the large-x logarithms and their moment-space counterparts are given by
2)
and N = Ne γ e , i.e., ln N = ln N + γ e with γ e ≃ 0.577216. Here M = indicates that the right-hand-side is the Mellin transform (2.1) of the previous expression.
The primary objects of our resummations are the dimensionally regulated unfactorized partonic structure functions or forward Compton amplitudes T a,k for the combinations of a and k of Eqs. (1.4) and (1.6). For brevity suppressing all functional dependences on N, α s and the dimensional offset ε with D = 4 − 2ε, these quantities can be factorized as
Here the process-dependent D-dimensional coefficient functions (Wilson coefficients) C a,i include contributions with all non-negative powers of ε. The universal transition functions (renormalization constants) Z ik collect all negative powers of ε and are related to the splitting functions in Eq. (1.1) (or the anomalous dimensions γ ) by
Here and below we identify, as already in the introduction, the renormalization and factorization scale with the physical hard scale Q 2 without loss of information. Using the D-dimensional evolution of the coupling,
where β(a s ) denotes the usual four-dimensional beta function of QCD, β(a s ) = −β 0 a 2 s + . . . with β 0 = 11/3C A − 2/3 n f , Eq. (2.4) can be solved for Z order by order in α s .
The general elements of Z (n) become extremely lengthy at very high powers n of a s . Here, however, we are interested only in the LL, NLL and NNLL contributions at order N −1 for Z qg and Z gq and N 0 for Zand Z gg (required for Eq. (2.3) also in the off-diagonal cases). Consequently there can be at most one off-diagonal N −1 factor per term. Moreover P (1) kk in Eq. (1.1) can enter only (once) at NNLL accuracy, and higher-order coefficients P (n≥2) kk in Eq. (1.1) are not at all relevant at this level. Finally β 0 in Eq. (2.5) and β 2 0 only contribute from the NLL and NNLL terms, respectively, and β n≥1 would enter only at the next logarithmic accuracy. All this can be easily read off already from the well-known third-order expression for Z,
together with Eqs. (1.2), (1.3) and (2.2) above.
The terms that do contribute to the a = b off-diagonal entries of Z at the present accuracy can be grouped as follows:
The first term on the right-hand-side collects all contributions with at most one higher-order anomalous dimension γ (i≥1) but no contribution from the beta function. It starts at k = 1 and reads
The first line includes, for i = 0, the LL expression used in Ref. [15] . The contributions linear in β 0 contribute from k = 2 and NLL accuracy and are given by 9) while the corresponding NNLL β 2 0 term in Eq. (2.7) for k ≥ 3 is
Finally we distinguish NNLL contributions with γ (1) γ (1) , where one of the factors is the offdiagonal O(N −1 ) entry, and contributions with γ (1) γ (ℓ>1) , where the latter has to be off-diagonal at the present level of accuracy (recall that every term includes one off-diagonal anomalous dimension γ a =b ). The former terms contribute from order α 4 s and are given by
and the corresponding final contribution to Eq. (2.7) at k ≥ 5 reads
The coefficients Eqs. (2.8) -(2.12) have been inferred by analyzing the respective first five to seven non-trivial orders k and then verified to 'all' orders using, as for a large part of our symbolic manipulations, the programs FORM and TFORM [30, 31] .
The corresponding result for the diagonal entries of the Z-matrices are much simpler due to Eq. (1.2). Including also terms which contribute to the next-to-next-to-next-to-leading logarithmic (N 3 LL) terms suppressed by one power of 1/N, the coefficients at order α k s are given by
Only the first four terms contribute to the N 0 NNLL expression entering the off-diagonal N −1 mass factorization (2.3). Note that, unlike at order N 0 , P
aa and P (2) aa are NLL and N 3 LL quantities at order N −1 due to C (1) 
The unfactorized structure functions (2.3) are given by these results multiplied by
The index γ generically represents the gauge-boson exchange structure functions (except for F L ). c
a,i are the n-th order coefficient functions in Eq. (1.4) for any combination of a and i. The quantities c
a,i etc in fixed-order calculations -are enhanced by factors ln k N with respect to those four-dimensional coefficient functions.
The calculation of T a to order α ℓ≤n+1 s and ε n−ℓ (for F L : ε n−ℓ+1 ) provides the N n LO (leadingorder, next-to-leading-order etc) renormalization-group improved fixed-order approximation to the structure functions F a . It is obvious from Eqs. (2.6) -(2.14) that a full N n LO result completely fixes the highest n+1 powers of 1/ε to all orders in α s . An all-order resummation of the splitting functions and coefficient functions requires, at the logarithmic accuracy under consideration, an extension of these results to all powers of ε. The flavour-singlet structure functions considered here are fully known at N 2 LO from Refs. [8-10, 16, 17] and the earlier coefficient-function calculations of Refs. [32] [33] [34] [35] . Hence a double-logarithmic resummation based on these results can be expected to predict up to the highest three logarithms at all higher orders, including the corresponding contributions to the three-loop coefficient functions for F 2 and F φ exactly computed in Refs. [11, 17] and the large-x predictions of the four-loop splitting functions in the latter article.
Resummation of the unfactorized expressions for F 2 and F φ
In this section we derive all-order expressions for the leading N −1 contributions to the off-diagonal amplitudes or unfactorized structure functions T 2,g and T φ,q at NNLL accuracy. We will apply two approaches: first an iteration of amplitudes generalizing the leading logarithmic results of Ref. [15] , and then an apparently new and more rigorous treatment which makes use of only the D-dimensional structure of the unfactorized structure functions in the large-x limit and the KLN cancellations [36, 37] between its real-and virtual-emission contributions.
Both calculations require the corresponding expressions for the N 0 parts of Z, Z gg , C 2,q and C φ,g which can be determined from the diagonal amplitudes T 2,q and T φ,g in the limit governed by the soft-gluon exponentiation. These quantities are given by
For the quark case the coefficients entering the highest four logarithms at all orders in α s and ε read
and R
where we have suppressed an obvious overall factor of C F and expressed the dependence of the number n f of effectively massless flavours in terms of β 0 . To N 3 LL accuracy these results are converted to the renormalized coupling used elsewhere in this article viâ
The corresponding gluonic coefficients are required only to NNLL accuracy here and read
After the transformation to the renormalized coupling, Eqs. (3.1) and (3.2) for T φ,g need to be multiplied by the renormalization constant of G µν G µν [38, 39] ,
Note that there is no new physics content in Eqs. (3.1) -(3.10) which represent the Mellin transforms of the decomposition of T 2,q and T φ,g used in Refs. [40, 41] and its obvious higherorder generalizations, cf. Ref. [42] , recast in an exponential all-order form. Recall also, from the same references, that of the ℓ coefficients R (1,ℓ−3) , R (2,ℓ−5) . . . R (n,ℓ−2n−1) relevant for the ℓ-th logarithm at order n only one combination is not fixed by lower-order information, and that the same holds for their virtual-correction counterparts V (1,ℓ−3) , V (2,ℓ−5) . . . V (n,ℓ−2n−1) .
We are now ready to address the resummation of the off-diagonal amplitudes. Using the particularly simply colour structure of the identical leading-logarithmic contributions to T φ,q /C F and T 2,g /n f , their LL resummation has been inferred in Ref. [15] to which the reader is referred for a detailed discussion. The result can be written as
where, of course, only the respective first terms of
are required. The corresponding expressions for T 2,q and T φ,g can be read off from Eqs. (3.1), (3.2), (3.3) and (3.8) above.
Eq. (3.12) can be generalized to next-to-leading logarithmic accuracy, where running-coupling effects enter for the first time, using the natural ansatz
where f a,k (n, i, ε) are linear functions of ε. It is not a priori clear that such a simple ansatz is compatible with the infinite number of constraints provided by the NLL coefficients of the four highest powers of 1/ε at all orders n in α s which are provided by the results of Refs. [8, 9, 11, 17] including the large-x results for the four-loop splitting functions P (3) qg and P (3) gq in Eq. (1.1). However, all these constraints can indeed be fulfilled, and the resulting coefficients are given by
with θ k j = 1 for k ≥ j and θ k j = 0 else. Eqs. (3.14) -(3.16) together with their diagonal counterparts (3.1), keeping the ε −2 and ε −1 contributions to T (1) a,k and the ε −3 terms of T (2) a,k in Eq. (3.2), facilitate the extension of the all-order mass factorization to the next-to-leading logarithms.
An extension of Eq. (3.14) to the the third logarithms can be expected to become much more cumbersome, requiring at least ε 2 corrections to Eqs. (3.15), ε corrections to Eqs. (3.16) and a new β 2 0 contribution, but presumably also terms respectively involving T
2,g or T (2) φ,q . Instead of pursuing this approach, we now switch to our second method for the resummation of T 2,g and T φ,q .
For this purpose we consider the calculation of T a,k via suitably projected gauge-boson parton cross sections as performed at two loops in Refs. [32] [33] [34] . The maximal (2 → n + 1 particles) phase space for these processes at order α n s is [43, 44] (1−x)
where one trivial azimuthal integration has not been counted. The integrals for the n-th order purely real (tree graph) contributions T (n)R a, j do not lead to any further factors (1−x) −ε , hence their expansion around x = 1 can be written as
The mixed contributions (2 → r + 1 particles with n − r ≥ 1 loops) include up to n − r additional factors of (1−x) −ε from the loop integrals on top the phase-space factor, leading to
Finally the diagonal cases, where terms with ξ = 0 are present in Eqs. (3.18) and (3.19), also receive purely virtual contributions T
given by the γ *and φgg form factors which are known to an amply sufficient accuracy [40, 41, [45] [46] [47] [48] 
Note that for ξ = 0 the (1−x) factors in Eqs. (3.18) and (3.19) are D-dimensional +-distributions which include a factor ε −1 δ(1−x) after expansion in ε.
The partonic cross sections T (n)
a,k at order α n s do not include any poles higher than ε −n , i.e.,
(recall Eq. (2.14) concerning the index γ ). Hence there are n − 1 − m KLN relations between the n N m LL coefficients in Eqs. (3.18) and (3.19) . Since a full N k LO calculation provides, as discussed above, the first k + 1 non-trivial powers of ε −1 , it leads to a total of n − m + k relations. Consequently the coefficients up to the N k LL terms are fixed (and those for m < k over-constrained) in terms of the N k LO results by nothing but the above D-dimensional structure and the massfactorization formula (2.3) which is guaranteed for structure functions in DIS by the operatorproduct expansion [49] , see also, e.g., Refs. [50, 51] .
Note that this resummation is far less predictive than the soft-gluon exponentiation [18] [19] [20] [21] [22] of the (1−x) −1 /N 0 terms of C 2,q and C φ,g which involves an additional factorization in the threshold limit. Therefore, as mentioned below Eq. (3.11), only one of the n N m LL coefficients for ξ = 0 is actually independent. Hence a N n LO calculation in this case implies a N n LL exponentiation which fixes the highest 2n + 1 logarithms at all orders in α s . Now we switch back to Mellin space and apply the above results to T 2,g and T φ,q . The n-th order contributions to these quantities can be written as
As discussed below Eq. (3.21), only one of the LL coefficients A (n,i) a,k is independent for each value of n and a, k. Choosing i = 0 for that, the KLN constraints on the other coefficients read
The i = 0 coefficients are found to be
At NLL level two coefficients in the sum in Eq. (3.22) are not fixed by the KLN cancellations. In terms of our choice i = 0 and i = 1 the remaining coefficients are given by
The all-order results for the respective two coefficients determined by the NLO results are At NNLL accuracy, finally, all but three coefficients (chosen as i = 0, 1, 2) in the sum in Eq. (3.22) are specified by the vanishing of poles higher that ε −n in T (n) 2,g and T (n) φ,q . These coefficients can be written as
The general expressions for the three independent coefficient at rather lengthy. However, especially since we will not be able to express the NNLL mass-factorized results in a closed form, they are presented here nevertheless in order to assist future research by others. The coefficients for T 2,g are
The corresponding results for T φ,q read
and
Resummation of the unfactorized expressions for F L
Up to one additional power of ε the moments of the unfactorized longitudinal structure functions T L,q and T L,g are built up from D-dimensional exponentials in the same way as T 2,g and
In these cases also the ε −n poles vanish at order α n s which compensates the absence of ε −2n+1 contributions. Consequently Eqs. 
The corresponding NLL contributions to Eq. (4.1) are given by
The NNLL terms for T L,q read
and 
The corresponding (and more complicated) coefficients for the gluon case are 
and finally 
NNLL resummation of the off-diagonal splitting functions
Together with the mass-factorization relations of Section 2, the results of the previous two sections facilitate the iterative determination of the respective coefficients D The LL and NLL contributions to P qg and P gq can be expressed in a closed form in terms of a new class of functions with Taylor expansions in terms of Bernoulli numbers. Extending the definitions of Ref. [15] to k = 2, 3, . . . , these functions are given by
B n are the Bernoulli numbers in the standard normalization of Ref. [52] : B 2n+1 = 0 for n ≥ 1 and
The functions B ±k for k > 0 are related to B 0 , which can also be written as
Due to ζ 2n → 1 for n → ∞ the series (5.1) converge absolutely for all values on x.
The numerical behaviour of the functions B k (x) with k = 0, ±1, −2 which enter our results below is illustrated in Fig. 1 . Similar to B 0 (x) -where this oscillation has been shown to continue, albeit in a much more irregular fashion, to much larger values of x [53] -B k≥0 (x) oscillates around y = 0 for positive x and y = −x/(k + 1)! for negative x. On the other hand, B k<0 (x) also oscillates around y = 0 for positive x but around y = −x for negative x. As can be seen from the figures, the amplitude of these oscillations increases very rapidly with decreasing k.
The resummed gluon-quark splitting function at large N can now be written as 
Here and below we use (recall ln
The corresponding result for the quark-gluon splitting reads
The first lines of Eqs. (5.5) and (5.7) are the respective LL results, derived in Ref. [15] from relations equivalent to Eq. (3.12). Unlike for the NLL corrections, we have not been able to find closed relations for all colour factors contributing to the NNLL terms. We therefore provide these results in the form of tables to order α 18 s which can be found in Appendix A.
Our results for the fourth-order (N 3 LO) splitting functions agree with the predictions of Ref. [17] derived from the conjectured single-logarithmic large-x enhancement of the physical evolution kernels for the system (F 2 , F φ ) of flavour-singlet structure functions. Furthermore they show the expected extension of the colour-factor pattern seen in those results to all orders in α s : the LL terms for both P It is clear already from the discussion of the fourth-order results in Ref. [17] (Figs. 12 and 13) that the highest three logarithms of P (n>2) qg and P (n>2) gq can provide no more than a very rough indication of the size of the corrections beyond NNLO (note that the expansion in Ref. [17] is in terms of ln N instead of ln N). Nevertheless it is useful to take a brief look at the numerical size and convergence of the resummation corrections to these quantities. This is done in Figs. 2 and 3 at the reference point
used before, e.g., in Refs. [8] [9] [10] [11] [12] . Depending on the precise value of α s at the Z-boson mass, this choice corresponds to a scale Q 2 ≈ 25 . . .50 GeV 2 typical for measurements of DIS [1] .
The figures show that the resummation corrections to the NNLO splitting functions are dominated by the third (NNL) logarithms which completely overwhelm the LL and NLL contributions (except, of course, for huge but practically irrelevant values of N). The relative corrections to the already small large-N off-diagonal splitting functions are rather small, amounting to less than 2% and about 3% at N = 20 for for P qg and P gq respectively. At least at the present level of logarithmic accuracy contributions beyond order α 4 s (N 3 LO) are negligible. 
NNLL resummation of the coefficient functions
The resummed results for the coefficient functions C 2,g and C φ,q are more complicated than those for the splitting functions already at the leading-log level. Hence it is not surprising that we are not able to give closed NNLL expressions for these quantities either at this point. Postponing the NNLL contributions to Appendix B, the results are
Here the first lines are the respective LL results of Ref. [15] . As in these terms, the (C A −C F ) denominators are generally cancelled by corresponding numerator factors as can be seen by expanding all functions in powers of α s . Unlike for the splitting functions the double-logarithmic contributions to the coefficient functions do not vanish for C F = C A . However, they can be expressed in terms of exponentials in this case since all B -functions have the argument (5.6).
Our results for the quark coefficient function for F L completely agree with those of Ref. [29] . The complexity of the N n LL resummed expression for the gluon coefficient function C L,g is similar to that of C 2,g at N n−1 LL level. Hence it can be written down in a closed form at NNLL accuracy,
Here the first term is the LL result also obtained already in Ref. [29] . The next term, where C LL 2,g stands for the first line of Eq. (6.1), and the second line form the NLL contribution. The remainder of Eq. (6.3) collects the NNL logarithms, where C NLL 2,g represents the second to sixth line of Eq. (6.1). Furthermore this is the only NNLL contribution including the charge factor f l
(where e i is the charge of the i-th effectively massless flavour in units of the proton charge) arising from diagrams with the colour factor d abc d abc /n a = 5/48 n 2 f in QCD where the two (neutral) gauge bosons couple to different quark loops of the gauge-bosons gluon forward amplitude [6, 10, 11] .
The NLL and NNLL contributions to Eq. (6.3) for C F = 0 and f l g 11 = 0 agree with the previous all-order result [8] in this gluonic 'non-singlet' limit to which C (N)LL 2,g and hence the special functions (5.1) do not contribute. The complete fourth-order coefficient function (for W -exchange, i.e., without the f l g 11 = 0 part) has been predicted in Ref. [54] from the physical evolution kernel for the system (F 2 , F L ) of flavour-singlet structure functions together with the four-loop splitting-function results of Ref. [17] . The present results are in full agreement also with that prediction.
Eqs. (5.5) and (5.7) for the resummed splitting functions together with their counterparts (6.1) -(6.3) for the coefficient functions and the corresponding simpler results for C 2,q , C φ,g and C L,q facilitate an assumption-free NNLL calculation of the physical kernels for (F 2 , F φ ) and (F 2 , F L ) to any order in α s . It turns out that their highest double logarithms, as far as they can be determined from available fixed-order results now, do indeed vanish. Hence the conjectures of Refs. [17, 28, 29, 54] are proven by our present calculations for the leading N −1 large-N contributions.
The numerical size and α s -convergence of the LL, NLL and NNLL resummation corrections to the respective third-order results are illustrated in Fig. 4 for C 2 It is obvious from Eqs. (3.18) -(3.21) that our method can be applied as well to non-leading terms in the expansion in powers of (1−x). This is especially interesting for the subleading (1−x) 0 or 1/N contributions to diagonal coefficient function such as C 2,q and C φ,g . Due to the stable form (1.2) of the diagonal splitting functions, the corresponding N 3 LO corrections to the nonsinglet structure functions are known except for the single-and non-logarithmic contributions. Consequently, as discussed below Eq. (3.21), we are able to resum highest four N −1 logarithms.
The resummation of the N −1 non-singlet coefficient functions for F 1,2,3 has been inferred in Ref. [28] from the behaviour of the physical evolution kernels, obtaining complete NNLL results and the N 3 LL corrections up to one undetermined number called ξ DIS 4 . Hence it was not necessary to perform a very cumbersome all-order N 3 LL calculation analogous to Section 3. Instead we have verified those previous results to order α 7 s and determined the hitherto missing parameter, ξ DIS 4 = 100/3 in Eqs. (5.24) -(5.26) of Ref. [28] .
(6.7) 
Summary and outlook
Unlike the case of the dominant (1−x) −1 + / N 0 large-x/ large-N terms, only a small amount of (published) research has been devoted until recently to the all-order structure of 1/N-suppressed threshold contributions to the coefficient functions for the structure functions in deep-inelastic scattering (DIS) and crossing-related (semi-) inclusive quantities in perturbative QCD. See Ref. [55] for a well-known leading-log conjecture, and Refs. [56, 57] for early studies of the longitudinal structure function F L . The study of these contributions is however not only theoretically interesting but also phenomenologically relevant, e.g., for assessing the kinematic region, different for different processes, see Ref. [42] , in which the N 0 terms and their soft-gluon exponentiation can be used as a quantitative substitute for the full coefficient functions.
Consequently several groups have addressed this issue with various approaches in the past few years, for work by others see Refs. [58] [59] [60] [61] and [62] [63] [64] . However, to the best of our knowledge, this research has not yet led to explicit all-order predictions for complete and exact coefficients of the next-to-leading and next-to-next-to-leading logarithms, or even the leading logarithms to quantities such as the gluon contribution to most important structure function F 2 .
In Refs. [28, 29] a resummation of the highest three 1/N-suppressed logarithms (actually the 1/N behaviour is more formal than real for practically relevant values of N) for various quark coefficient functions has been obtained by studying the large-N behaviour of non-singlet physical evolution kernels. These quantities express the scaling violations of a physical quantity in terms of the same physical quantity and hence do not depend on the scheme for the factorization of the mass singularities. It turns out that the non-singlet physical kernels show an only single-logarithmic large-N enhancement also beyond the dominant N 0 contributions (where this feature is a simple consequence of the soft-gluon exponentiation, see Ref. [65] ) up to at least the next-to-next-toleading or next-to-next-to-next-to-leading orders (NNLO or N 3 LO). The results of Refs. [28, 29] are based on the conjecture that this behaviour continues to all orders in the strong coupling α s .
Completely analogous observations were made [17, 54] for the physical-kernel matrices of the systems (F 2 , F φ ) and (F 2 , F L ) of flavour-singlet structure functions [66] [67] [68] . Unlike in the nonsinglet case, recall Eq. (1.2), the singlet kernels receive double-logarithmic contributions from both the splitting functions (1.3) and the coefficient functions in Eqs. (1.5) and (1.6). Consequently the single-logarithmic enhancement of the physical kernels can only provide one all-order constraint between two quantities. Definite fourth-order predictions of the highest three logarithms are possible though: first for the N 3 LO splitting functions [17] using the diagram calculations of the corresponding three-loop coefficient functions [10, 11, 17] , and then, using these predictions, for the N 3 LO (fourth-order) coefficient functions for F L [54] .
While we expect the results of Refs. [17, 28, 29, 54] to be the final word on the predicted coefficients, clearly more work is required to put them on a firmer theoretical footing and to extend them to all orders also for the off-diagonal splitting functions and flavour-singlet coefficient functions. At the leading-logarithmic level this was done in Ref. [15] by finding the now expected all-order iterative structure of the unfactorized partonic structure functions (forward-Compton amplitudes).
In the present paper we have extended these results to the next-to-leading and next-to-next-toleading (NLL and NNLL) logarithms. Note that this is the counting of a resummation, not that of a more powerful exponentiation [18] [19] [20] [21] [22] : the present predictive power in terms of higher-order coefficients corresponds to that of a next-to-leading logarithmic exponentiation, see, e.g., Ref. [25] .
In order to achieve this, we have employed two independent methods. The first is a direct generalization of the amplitude iteration of Ref. [15] to higher logarithmic accuracy, presented at NLL accuracy in Eqs. (3.14) -(3.16) above. The second, worked out to NNLL accuracy in the rest of Section 3 and Section 4, is conceptually extremely simple and revealing but not iterative, since all coefficients are determined order-by-order in α s without any explicit reference to complete lower-order amplitudes. This method is based on only the form of the D-dimensional phase space for inclusive DIS and the all-order mass-factorization formula (guaranteed by the operator-product expansion) for the unfactorized structure functions. In this way we have been able to verify all DIS predictions in Refs. [17, 28, 29, 54] , extend them to the fourth logarithms for F 2,ns and to all orders in α s for the highest three logarithms of the off-diagonal splitting functions and the coefficient functions C 2,g , C L,g and C φ,q . Our results prove the non-singlet conjecture of Refs. [28, 29] and show that also the above singlet physical evolution kernels are single-log enhanced to all orders.
The resulting all-order off-diagonal splitting functions and the above coefficient functions can be written down in a closed all-order form to NLL (NNLL for C L,g ) accuracy in terms of the apparently new special functions introduced in Ref. [15] . We did not find (so far) similar relations for all colour factors of P qg and P gq and for C 2,g and C φ,q at the NNLL level, but can analytically determine their coefficients to 'any' order in α s . The splitting-function results show a particular colour structure with all double logarithmic contributions, α n s ln ℓ (1−x) with ℓ ≥ n, vanishing in the supersymmetric limit C F = C A . This pattern does not hold for the more complicated coefficient functions which however can be expressed in terms of exponentials in the limit.
Numerically the resummation corrections to the α 3 s splitting functions appear to be rather small and quickly converging: at the present level of accuracy only the fourth-order terms have an impact. The corresponding corrections for C L,q are larger and receive relevant fourth-and fifth-order contributions, but they are still small compared to those up to order α 6 s for C 2,g and especially C L,g . Taking into account that the highest three logarithms most likely underestimate the corrections at high orders of α s , these results reinforce the third-order findings of Ref. [11] which indicated that the perturbative expansion of C L,g is not well-behaved even at moderately large N in the important region of scales Q 2 ≈ 25 . . . 50 GeV 2 corresponding to α s (Q 2 ) ≈ 0.2.
Beyond first estimates of the numerical impact of higher orders at large N, our results will prove very useful once the fixed-moment calculations of Refs. [5] [6] [7] have been extended to the fourth order in α s . First results have already been presented on four-loop second moments and sum rules [26, 69] , hence this extension can be expected in the foreseeable future. The main way to use a couple of moments of, e.g., the N 3 LO splitting functions will be by effective x-space parametrizations analogous to those of Refs. [70, 71] at NNLO. Already knowing the coefficient of ln ℓ (1−x) for ℓ = 4, 5, 6 will then considerably assist achieving a decent accuracy from a limited number of moments. The situation is analogous for the coefficient functions.
There appears to be no reason why our determination of the highest double logarithms cannot be extended beyond the N −1 (N −2 for C L,g ) terms. An all-order calculation would obviously be very cumbersome given the form of some of the intermediate expression in the present limit, but a fourth-order calculation would definitely be feasible. We would expect to recover the results of Refs. [17, 28] for the coefficient of the highest three logarithms at all-powers of (1−x) of c (4) a,q with a = 2, 3, L, P (3) qg and P (3) gq in this manner, and to derive corresponding new results for c (4) a,g (a = 2, L) and c (4) φ,q . The main application of such results would be as a check of an all-x fourthorder calculation of the splitting functions and DIS coefficient functions which, however, we do not expect for the near future.
Due to the similar phase-space integrations [72, 73] , the present approach can be carried over directly to the case of semi-inclusive e + e − annihilation [1] (but not, unfortunately, to the DrellYan process and inclusive Higgs production in pp collisions). Only the diagonal NNLO 'timelike' splitting functions for parton fragmentation have been determined up to now [74, 75] , hence a NNLL resummation is not yet possible in this case as the third logarithms of the NNLO splitting functions are a necessary input. Therefore this case will be addressed in a future publication after the determination of the off-diagonal timelike splitting functions [76] .
Let us finally stress again that the present double-logarithmic resummation is not relying on any specific large-N structure beyond the general form of the phase space integrations. One may hope that, as in the case of the soft-gluon exponentiation of the N 0 coefficient functions, such additional structures can be found, e.g., using the new approach of Refs. [59, 60] or by improved applications of the soft-collinear effective theory to DIS, see, e.g., Refs. [77] [78] [79] [80] . It should then become possible to resum also lower logarithms analogous to the standard threshold resummation.
Appendix A: Large-N splitting functions at NNLL accuracy
Here we provide the expansion coefficients of the highest three logarithms of the off-diagonal splitting functions, defined via
with P qg (N) = P qg /n f , P gq (N) = P gq /C F and C AF = C A −C F . It is understood that the coefficients on the r.h.s. depend on the splitting function under consideration. D NLL,1 vanishes for P qg , but not for P gq . The coefficients of the leading and next-to-leading logarithms, for which closed expressions have been written down in Eqs. (5.5) and (5.7), are given up to order α 18 s in Table 1 . Their counterparts for the third logarithms are provided in Table 2 for P qg and Table 3 for P gq . The closed expression leading to most of these coefficients is not known yet.
Appendix B: Large-N coefficient functions at NNLL accuracy
Finally we turn to the NNLL contributions to the off-diagonal coefficient functions C 2,g and C φ,q . The more complicated colour structure, with 3n − 3 contributions at order n, precludes a representation in the form of Tables 2 and 3 . Instead we provide the resulting expression at order α 4 s and α 5 s for general SU(N) colour factors, and then the six-figure values for QCD to order α 12 s which are more than sufficient for numerical applications. In all cases we include also the LL and NLL terms, for which closed expression have been given in Eqs. (6.1) and Eqs. (6.2) above.
The fourth-and fifth-order contributions to the gluon coefficient function for F 2 are given by Finally it is worthwhile to note that a closed (if presumably rather lengthy) expression for the NNLL contributions to C 2,g and C φ,q can be derived once such an expression has been obtained for the corresponding contributions to the splitting functions in Appendix A. At that point all quantities but C 2,g and C φ,q entering the vanishing off-diagonal NNLL elements of the physical evolution kernel
with the standard matrix P of the singlet splitting functions and
will be known, and Eqs.(B.7) can be solved for the NNLL parts of C 2,g and C φ,q . In fact, we have applied the analogous NLL procedure to find the closed expression given in Eqs. (6.1) and (6.2). Table 4 : The LL, NLL and NNLL coefficients of C 2,g in QCD, as defined in Eq. (B.5), to the 12-th order in a s = α s /(4π). All these coefficients further decrease at higher orders and tend to zero in the infinite-order limit. Table 5 : As Table 4 , but for the coefficient function Table 6 : The LL, NLL and NNLL coefficients of C L,g in QCD, as defined in Eq. (B.6), to the 12-th order in a s = α s /(4π). Also these coefficients further decrease at higher orders and tend to zero in the infinite-order limit. The fifth column represents the f l g 11 term absent in charged-current DIS.
